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1 Introduction

Many bioinformatics studies use probabilistic models that generate sequences with
statistical properties close to those observed in empirical biological sequences
(e.g., Gatlin, 1972; Almagor, 1983; Fitch, 1983; Borodovsky et al., 1986a, 1986b;
Churchill, 1989; Tavare and Song, 1989; Cowan, 1991; Karlin and Macken, 1991;
Karlin et al., 1992; Durbin et al., 1998; Reinert et al., 2000). The initial step of model
selection is typically followed by the parameter estimation step based on the classical
statistical theory.

Several alternative probabilistic models can be used to describe a sequence
x = (xy, ..., xy) with symbols from a finite alphabet A; for biological sequences | A |=4
(DNA) or | A| =20 (proteins).

The simplest model, a homogeneous independence model M, assumes that the
occurrences of symbols at different sequence positions are independent and at any

position the occurrence of symbol &, o€ A, has probability

paazaEApa =1

Assuming that an observed sequence x was generated by model M, the ML estimates of
unknown parameters p, are given by ratios

A N(o)
p o = N > ( 1)
where N(¢) is the number of symbols & observed in sequence x.

A more general model of homogeneous type is the stationary ergodic m-order Markov
chain M(m) with transition probabilities

pal,...,ot a =P(xi =6¥m+1 |'xi—1 =am5""xi—m =0[1),

m>%m+l

o€ A, i=m+1,...,N, and a stationary distribution 7z Obviously, the independence
model is the Markov chain of order m =0, M = M(0). For a sequence x generated by the
first order Markov model M(1) the ML estimates of the transition probabilities
Pap, P E A, are delivered by formulas

. _ N(ap)
el = Nawy’

)
Here N(af) is the number of occurrences of symbols (¢, f) in adjacent positions
of sequence x and N(O(O):ZyeAN(a)/). Note that N(o®)=N(a) if xy# « and

N(oe) = N(0) — 1 otherwise. Similarly, for a sequence x generated by the model M(m) the
ML estimates of the transition probabilities p, . , —aredefined by formulas

5 _Na...a,0,4)
s oy B N(...c,®)
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Here M(¢ ... o) designates the number of occurrences of k-letter word (¢ ... ) in the
sequence x and N(¢, ..., ®) = ZyEA N ...a,7).

2 Model selection

To briefly describe approaches to the model selection, we will follow arguments and
notations used by Reinert et al. (2000). To identify the model type that would be the most
appropriate for an anonymous sequence x, the y’-test could be used. To determine
whether the model M fits the sequence x, the null hypothesis of independence

Hy:P(x; =, X1 = B) = papp, i=1..,N-1, a,fe A,

must be tested vs. the alternative hypothesis H, which states that the probabilities
P(x;= &, x;.1 = f) do not depend on i, the only restriction. Under H, the ML estimate of
Pxi=o,xi=p0),i=1,..,N—1,is

N(ae) N(ef3)
N-1 N-1

Here N(of)= ZyeAN(}/,B). Note that (N(c®) /(N —1))N(eB)/(N 1)) = p,pg, where

D, is the ML estimate of p, based on sequence xi, ..., xy 1, and p 8 is the ML estimate

ﬁHO(asﬁ):

of ps based on sequence x;, ..., xy. Under the alternative hypothesis, the ML estimate of
Pxi=a,xpm=0),i=1,...,N-1,is

N(op)

Py (o )=~

Then formula
(N-1PB, (a.B)—(N-1)PBy, (o, B))
= Z Z H, “_ - 1 \X
ac A fe A (N I)PHn (0{,[3)

Y (N -1)N(eff) - N(@®)N(+5))*
(N-D)N(@s)N(f)

aeA feA

defines the Pearson y’-statistic which under H, follows asymptotically a j’-distribution
with (|.A|-1)* degrees of freedom (|.A | stands for the size of the alphabet). Therefore,

H, is rejected if the sample value of y’-statistic is larger than a critical value of the
2 -distribution corresponding to a specified significance level (false negative error rate).
In application of this test to a DNA sequence, we have to consider the y*-distribution
with nine degrees of freedom.

If Hy cannot be rejected at a predefined significance level (say, 5%), then the
independence test allows to conclude that the model M fits the observed sequence x.
Otherwise, if the null hypothesis does get rejected, a higher-order dependence should be
tested. At the next step, for the first-order Markov chain M(1) the null hypothesis can be
formally stated as follows:
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Hy: P(x; =, X4y = B, %0 =)
= P(x; = ) P(x;yy ::8|xi =O)P(xiy =7 X =X = B)
= P(xi = a)pa,ﬁpﬂ,y = Z ”(xl)pxl,xz X"'pr,-,mp,zﬁpﬁy

X15X5 e x;—1

=7(Q) P, pPpy>

for any i=1,..., N-2,a, B, y€ A.. Here 7 is a stationary distribution of the Markov

chain M(1). This null hypothesis should be tested against the alternative hypothesis H,
which assumes that probabilities P(x; = ¢, xi+ = 5, xi+2 = %) do not depend on i, the only
restriction.

Under H, the ML estimate of P(x; = &, xis1 = B, X2 =P, i=1, ..., N= 2, is

N(aee) N(ofie) N(fy) _ N(afpe) N(efy)
N-2 N(cxee) N(offe) N-2 N(ofe)

ﬁHo (asﬁsy) :ﬁ(a)[}a’ﬂﬁﬁ,}/ -

where N(afe) is the number of occurrences of three-symbol words starting with (¢, f);
Naso)=D N@fe):

N(efy) is the number of occurrences of three-symbol words ending with symbols (5, });
NEepo=), NGBy

Note that 7(ax) = (N(xxee)/(N —2)) is the ML estimate of the stationary probability 72()
based on sequence Xi, ..., Xx-2, Py p =(N(cff®))(N(cxee)) is the ML estimate of the

transition probability p, s from sequence xi, ..., Xx1, pg, = (N(ofy))/(N(efe)) is the

ML estimate from sequence x, ..., Xy.
Under H, the ML estimate of P(x; = &, xs1 = B, xe2 =9, i=1, ..., N=2,is

N(aBy)

Py (@, By)= :
i, ( B.y) N-2

Then under H, the Pearson j’-statistic defined by formula

N=2)P, (&, B,7)—(N=2)P, (&, B,7))
ZZ:ZZZ(( Yy, (e, B.y)—( VPy, (@, B,7))

ac A feAyeA (N_z)fJH0 (a,ﬂ,}/)
YT Y (N(afy)N(sf3%) - N(ef3*)N (1))’
i N(af3*)N (s fy)N(ef*)

asymptotically has a y*-distribution with (| A [> =1)(|.A|-1)—/ degrees of freedom. Here
[ is the number of triplets (&, 5, 1), &, B, y€ A, such that the number of expected

occurrences of triplet (&, £, ) in the sequence is equal to zero (thus the corresponding /
terms
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(N=2)B, (. B.y)~(N =2y (. B.7))
(N-2)B,, (. B.7)

cannot be properly defined and they will be absent from the sum for j’-statistic).
Upon applying this test for a DNA sequence one accepts H, at a specified significance
level if the observed value of the y’-statistic is smaller than the critical value of the
/-distribution with 45—/ degrees of freedom. If H, is rejected, the test for a
higher-order Markov chain should be carried out in analogous way.

3 Uniform accuracy of the ML estimates and the rate of convergence
in probability of the estimates to the model parameters

3.1 Independence model

Independence model assumes that occurrences of symbols at different sequence positions
of an empirical sequence x = (xi, ..., xy) are independent of each other. Formally, the
model is defined by a sequence X = (X}, ..., Xy) of independent identically distributed

(i.i.d.) random variables X;, i = 1, ..., N, such that P(X; = @) = p,, @€ A, Z%Apa =1.

Therefore, the empirical sequence x becomes a realisation of random vector X
(equivalently, we say that x is generated by the independence model M). Note that the
vector of numbers of occurrences of symbols of different types in sequence x has the
multinomial distribution.

Estimation of the unknown parameters p, o€ A, by the ML approach raises a

natural question: How close are these estimates to the unknown true values of
parameters? Obviously, the ML estimates p, are unbiased:

_ N(O!)=Npa _

E-
Po N N

-

The consistency (p, £, P,) and the strong consistency (p, — p, with probability 1)
of the estimates p, follow from the law of large numbers and the strong law of large

numbers, respectively. These properties indicate that ‘accuracy’ of the estimate
Dy-@€ A, increases with the sample size N. Further in the text we assume that
A= {(X], ceey Olk}, D; Zpa’,l' =1, ,k

In practical applications probabilistic models are frequently used to compute
probability of ‘data given model’ (the likelihood of the model). In the independence case,
the probability of sequence fragment x = (x), ..., x;) of the fixed length L is calculated
as the product of probabilities of x;, i =1, ..., L. The parameter estimates have to closely
and in a uniform fashion approximate the true model parameters to provide accurate
values for these products. To explore the uniform error rate of the ML estimates, we will
study the asymptotic behaviour of P(max,_; ;| p; —p;|<€) as the length of sequence

x increases. The uniform bounds for the convergence rate of the ML estimates derived
below could be translated to the bounds for the errors of computations of the likelihoods.
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More formally, if for computations of the probability of sequence fragment (xi, ..., x;) we
use the ML estimates of parameters of the independence model instead of the unknown
true parameter values, the approximation error would be:

A= I:le,.“,xL) _P(xl""’xL)‘z Py, X'“prL _ﬁxl X"'XﬁxL
=[P XX Py, =Dy +(Byy = P VXX (P, +(By, = Py
L L-1 / (L-1)~1 3)
L) . 1o L-1\¢ (max p;)
< e max p )" =€l J
3 R

Séel(max p; + &)k,

Therefore, we can achieve desirably small approximation error A by choosing sufficiently
small £ and selecting the set of empirical realisations (the set of training sequences)
where the condition max;_; | Di— pi| < ¢ is satisfied. The same arguments remain true
for the Markov model case with obvious substitution of parameters p; by transition
probabilities p; when calculating the ‘data given model” probabilities and assuming that
max; ;_  x |I3y _pij| <e

To get an explicit result on the uniform closeness of p, to p, we will use the

asymptotic normality property of the multidimensional ML estimator 0= (él yeos ,é,) ofa
vector of parameters © = (6, ..., 6) (Cox and Hinkley, 1974; Section 9.2):

O-OWN=® .. )

Here sign = designates a weak convergence, ® is a centered Gaussian vector with

0,/7'(®)
a covariance matrix 7 '(®), and /(©) is the Fisher information matrix of order / x [ with
elements

2
I (©)=E, _ 07 In f X(%,0) ’
/ 00,00,

where fy (x;,0) stands for the likelihood function of the random variable X, (a single

component of vector X). The asymptotic normality (4) holds if the likelihood function
fx(x, ©®) of random vector X= (X, ..., Xy) satisfies the regularity conditions (Cox and
Hinkley, 1974; Section 9.1, conditions (a)—(d)).

It turns out that for the vector of parameters P’ = (py, ..., p;) the likelihood function
fx(x, P) does not satisfy the regularity conditions, since

dln fy (x,P) 0 1n fy (x,P) dln fy (x,P)
Ep ‘ 1 £ Ep | ———
ap; dp; dp;9p;

for all i,j=1, ..., k. On the other hand, for the vector of parameters P = (py, ..., pi1)
the likelihood function fy(x, P) does satisfy the regularity conditions; therefore, the

asymptotical normality (4) holds for the ML estimator pP= (Pys--+» Dy—y) of the unknown



Probabilistic models for biological sequences 311

vector of parameters P = (py, ..., pi1). The asymptotic normality of P= (Diseeo> Di1)
helps derive the lower bound for the probability P(max; ;_; | Di— pl-| <¢), since
A k=1,
Pr = I_Zi=l pi-
For the log-likelihood function of a single component X; of the random vector X we
have:

i=1

k-1 k-1
In fy, (x,P)=> v, In p, +v, ln[l—Zpi],
i=1

where v; is the indicator of occurrence of symbol ¢; in the first position of sequence X.
Now we calculate the elements of the Fisher information matrix assuming that all
probabilities p;, i = 1, ..., k, are positive:

L(P)=Ep| - |y P

v 1
[;(P)=E, _# :p_lézp_’
(1_2[21 pl) Pk k

i#j. The property (4) of asymptotical normality implies that a random vector
Y= (IS—P)\/N with components Y, = (p; —pi)\/ﬁ, i=1,..., k=1, is asymptotically
the centered Gaussian vector with the covariance matrix R=(ry), i, j=1,...,k—1,
obtained by inversion from the information matrix /:

2 .
i =pi—Pis Wy=—piPj, L#].

The same arguments can be applied to random vector Y’ with components
Y. =(p; - pi)\/ﬁ , i=2,...,k. Therefore, random variables

Y, Y,
Z:—l,...,Z =k
b WVar) T Var(y)

are asymptotically standard normal variables with covariances

Tij pip;
cov(Z;,Z;) = =-—
T V@) Varvy) (1= p)p; - p))

\PiP; ®
Ja=p)a-p)’

i,j=1,...,k i#j. Next we apply the following inequality by Li and Shao (2002),
Corollary 2.1:
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k
P(Z <uy,... 2 <)~ [ P(Z <w)
i=1

1 u? +u?
<— Z |cov(Z;,Z;) | exp| — -
4 21+ [cov(Z,,Z)))

I<i<j<k g

(6)

valid for any real numbers vy, ..., u.
Coming back to our main goal, the estimation of the probability P, for £>0, we
have

P:P(i ax | pi—piISE)=P(p—p &Py —pr[KE,....| Dy — i [K€)

=l,...k
=P||Z, |g£’m,‘zk Si]
\/pl(l_pl) \/Pk(l_l’k)

> P(max | Z; |<2e3/N).

(7

The last probability in equation (7) can be expressed in terms of the joint cumulative
distribution function of Zi, ..., Z; (for proof see Appendix 1):

P(Z [<2eJN,....| Z, |< 2eIN)

_3 D Pz, <-26N, .., ®)

=0 [URSIRR B (i Py 8
{ips e i YUy oo i }=A{1, o k)

Z,<-2eJN,Z, <2e\N.....Z, <2e\N).

Then we subtract and add to the right side of equation (8) the term

k k
[Teeeedn)-n=> 1Y >
i=1

=0 [URSIRY (e Py 5
[UISTSN /3 [SIUN PR S S Y 4 9)
!

/
HP(zl.j <-2&JN) H P(z, <-2¢JN),

Jj=1 Jj=l+1
and apply inequality (6) to each difference
8yvoy = P(Z; <-26\N,....Z, <-26\N.Z, <-2e\N,....Z, <-2¢\N)
1 !
—HP(Z,./ <-2&JN) H P(Z, < 2e+/N).
j=1 ‘ j=i+l

For any choice of indices iy, ..., {; and sufficiently large N we have
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‘é}l’m’i[ ‘ Sl Z \}pipj exp 452N
415i<jsk\l(1_pi)(l_pj) 2(1+\/p,~p_/-/\/(l—pi)(l—p_/)) (10)

< @exp(—zezm,

since \/p,-pj /\/(l —p;)1-p;) <1. Then equations (7)—-10) yield

P> f[(zqn(zg\/ﬁ) -1)- Zk:(kj k(=D exp(-2€2N)
L (1) 4 (11)

> (2026 N) - 1)F =252 k(k 1) exp(—2€°N).

Since the right side expression in inequality (11) converges to 1 as the sample size N
increases to infinity, this inequality provides the uniform lower bound for rate of
convergence in probability for the ML estimates p; to true values of parameters p;,
i=1, ..., k (or, equivalently, the lower bound for the rate of decay of the maximum error
of the ML estimation).

Note that for £ =2 (X is the sequence of Bernoulli trials with probabilities p for
‘success’ and ¢ for ‘failure’) the rate of convergence can be estimated directly from the
Moivre-Laplace theorem on the normal approximation for binomial distribution with
parameters p and N:

P(p-plseli-qlse)=P(p-plseld-p)-(1-p)|<e)
—P(p-pl<e= P((‘(N(success)—Np)/JNqu < (g\/ﬁ/\/ﬁ)) (12)
zzqn(g\/ﬁ/\/ﬁ)—lzzqa(zgﬁ)—l.

Obviously, the estimate (12) is better than estimate (11) for k= 2. It can be explained
by the fact that for the Bernoulli case (and only for this case) the distribution

of the asymptotically Gaussian vector ((p— p)WN,(G—¢)VN) is uniquely defined by
the distribution of its either component.
For nucleotide sequences (k = 4) inequality (11) becomes

ax | p; — p;| < €) 2 2@(2eVN) -1)* — 48exp(-26” N). (13)

P=P(
i 4

=1

.....

Inequality (11) can also be used to derive the uniform confidence intervals for py, ..., px
with specified confidence level & as follows. For any ¢, &: €> 0, 0 < g < 1, there exists
n(g &) such that for any N2n(g &) the ML estimates p,,i=1, ..., k, satisfy the
following inequality

P(max | p; — p; |< &) 2 &.

In the other words, if the length of sequence X is greater than n(é &), then for all
i=1,...,k an interval [p; —¢&,p; +¢&] is a confidence interval for p; with confidence

level greater than ¢&. For instance, for a nucleotide sequence generated by the
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independence model M we obtain from equation (13) that if the sequence length is at
least 1,240 nt, then

P(max |p, - p;|<0.05)20.9.

To achieve an uniform accuracy of estimates equal to £=0.01 with the same
confidence level 0.9, the length of the nucleotide sequences should be at least 30,980 nt.
For a protein sequence generated by an independence model inequality
P(maxc;<pg | p; — p; |£0.01) 2 0.09 holds when the sequence is at least 103,556 amino

acids long.

The other way to estimate P is to use the * approximation for the multinomial
parameters. It is known from the classical »’-theory (Kendall, 1945; Section 12.2) that
under assumption that all probabilities p; are positive, the statistic

k 2

N, - Np;)

L= W= Np)
i=1 Npi

is asymptotically »-distributed with v=%k— 1 degrees of freedom. Then for sufficiently
large N and &> 0 the following inequalities hold:
< ]

- N, N,
P=P(max|p, — p,|<e)=P||—-p/|<e,... |~ -
(max|p, = p;| < ) UN P N P

ey

_ P[(Nl “Np)' _EN (N =Np)® szzvj

Np, P Np, D
. , (14)
— 2 2
zP[Z(N" Mo o &N ]zP[z,?_lS — J
P Np, max p; max p;
1 N _ _3)/2
> P32, <e*N) = J‘ OB NCOTFN
o 2602k 1)/ 2) do

Here I'(y) is a gamma function. For nucleotide sequences (k = 4) estimate (14) yields:

2
P> 20(eN)—1- 2N£exp£—£2NJ. (15)

N

Now inequality P=(max,-|j),-— p,»|£0.05)20.9 follows from statement (15) for a

nucleotide sequence with length at least 2,500 nt.

The comparison of the lower bounds L, and L, defined by right side expression in
equations (11) and (14), respectively, shows that for any number & of parameters estimate
(14) is better than estimate (11) (L, < L,) for short sequences (but still long enough to use
the normal and the y’-approximations). However, starting from some N = N(g, k), the
estimate (11) becomes better than estimate (14) (L, > L,). For instance, for nucleotide

sequences L < L, if 5\/N <1.51; otherwise, L; > L,. Therefore, by combining estimates

(11) and (14) we obtain the following inequality for the ML estimates of the parameters
of the independence model:
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i} QDQ2eN) = 1) =2 2k(k -1)e 26N

P(max|f7[—pi|S£)2ma N 5 (16)
, P} <€'N).

Formula (13) was used to compute the length of a DNA sequence sufficient for
estimation of parameters of the independence model with desirable accuracy & and the
standard statistical confidence levels & equal to 0.90, 0.95 and 0.99 (Table 1).

Table 1 The minimal length of a nucleotide sequence generated by the independence model
with parameters p;, 1 <7 <4, for which inequality P(max;<;<4 | Di— pl-| <e)2¢g

holds according to lower bound equation (13)

£=0.1 £=10.05 £=10.01
& =0.90 310 1,240 30,980
&=095 345 1,377 34,410
£=10.99 425 1,698 42,436

3.2 Markov chain model

We consider the first-order ergodic stationary Markov chain X= (X, ..., Xy) with
unknown transition probabilities estimated by equation (2) and stationary distribution 7z
estimated by 7Z(e)=N()/N. 1t is easy to show that the ML estimates 7Z(c) are

unbiased:

N
EA(a) = %EN(a) = %ZP(% =a)
i=1

RN .
:NZ Z ”(-xl)pxl,xz X'”prz—l,a :W”(a):ﬂ(a).
Xi—1

=l X1Xy,..., %

From the theory of Markov processes it is known (Billingsley, 1961; Lemma 3.2,
Theorem 3.3) that estimates 7Z(c) are consistent, and vector £ with components
& =(7%(ai)—7z(ai))\/ﬁ , i=1...,k, is asymptotically a centered Gaussian vector.

Therefore, similarly to the case of the independence model, one could derive the analog
of formula (11) that would define confidence intervals for stationary probabilities.
In practical situations, however, the properties of the ML estimates f;,-j,i, j=1...,k, of

transition probabilities are of greater interest. These estimates are consistent:

ﬁij L>pij, i,j=1,...,k, (Billingsley, 1961; Theorem 4.1). To determine a rate of the

convergence in probability, we will use the asymptotic normality of a k*-dimensional
vector 7= (M1, ---» Mks -+-» Mk1» ---» M) With components

N(oo; R
;i =(%‘EJJ\/N”" =(py — Py)NN7;,
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m=mc), i,j=1, ...,k (Billingsley, 1961; Proof of Theorem 3.1). This vector is an
asymptotically centered normal vector with covariance matrix R = (v, ) = (E7;7), 1, J,

S, /= 1, ey k: Vijsi = 0 for iiS,j, [= 1, ceey k, ri/,ij=pif—p; for i,j: 1, . k, Vijit = —PiiPit
for i,j,I=1,...,k j#/ Then, under assumption that all transition probabilities
are positive, k* random variables Z,,, ..., Zi, ..., Zi1, --., Zu defined as

;i ;i

Zi.: - = ,
’ Var(7;) JPi (1= py)

are asymptotically standard normal random variables with covariances

T il <\ Pij Pil .
cov(Z;,Z;) = = =- , J#IL
JVar(mp)Var(ny) (0= py)A-py) (17)
cov(Z;,2y)=0, i#s.

Note that covariances (17) are non-zeros only for pairs (Z;, Z;) corresponding to
components of one and the same vector of probabilities of transition from state i,
i=1, ...,k and a structure of such covariances is identical to covariances (5) of Z, Z
introduced for the independence model. This observation helps apply inequality (6) to
random variables Z; i, j=1,...,k and to proceed similarly to the case of the
independence model. For £> 0 we have

P=P(max | p; - p; |<e)=P(n; |<eNm,, i,j=1...k)
LJ

&N,
=P|| ——, i,j=L..,k

Zi' |S H ’J
T =) (18)

> P(| Z; |<2eNm;, i,j=1,...,k)

> P(|z,|<2¢ /anijnp!/, i, =1, k),

since 75 = min; p;;, i =1, ..., k (for proof see Appendix 2). Computations similar to ones
performed at the steps (8)—(10) transform inequality (18) into

P> Q@2 Np ) -1 =25 2k (k= 1) exp(-267 Np'), (19)

where p’ stands for min;;p; Inequality (19) yields for the estimates ]3,] the uniform

lower bound of the rate of convergence in probability to true values of transition
probabilities py, i, j =1, ..., k, and can be used for finding the confidence intervals for p;
(as it was done for the independence model). Note that the lower bound equation (19),
being uniform with respect to an accuracy of ML estimates of the transition probabilities,
does depend on the values of probability parameters of the Markov chain and requires the
information about the positive lower bound of the min;; p;;.

For nucleotide sequences (k = 4) we have

P> (P (2eNp')—1)'® — 786,432 exp(—2€> Np'). (20)
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For example, for a nucleotide sequence generated by the Markov chain model with
p’ 2 0.15, we obtain from equation (20) that inequality

P(max| Py = py|< 0.05) >0.9
gy

holds if the sequence length is at least 21,140 nt.

Next we find a lower bound for P using z’-approximation. From the theory of the
Markov processes it is known (Billingsley, 1961; Theorem 3.1) that statistic

k
)[f = Z ' 1(77,2/- / p;) is asymptotically /-distributed with v = d — k degrees of freedom,
i =t P

where d is the number of positive entries of the transition probability matrix (p;).
Assuming that all transition probabilities are positive, we have v =k — k.
Then for sufficiently large N and &> 0 the following inequalities hold:

P(max | p; —p; |< €)= P(max| nlse [Nminﬂ'(i))
iJ i,J i

( 3
= P(max 77; < & N min (i) > PLZ 7; < € N min ﬂ(i)J @21
L] i i

i,J

— )
> PLZiS esz’J =~ P(>_, S ENp).
~ p,;
L]

Therefore, for DNA sequences (k* — k = 12) inequality (20) yields

P(max| p; = p; | €)2 P(ri; < €*Np')

£2Np’
! j PRI 22)

~2°1(6) do
EZN])/ > 1 2
=1-exp| - (e“NpH)™.
P73 Z(2m)!!‘ P)

m=0
Since the right side of equation (22) tends to 1 as the length N of sequence X grows to
infinity, inequality (22) gives the uniform lower bound of the rate of convergence in
probability of ]3,-j to true values of transition probabilities p;;, i,/ =1, ..., k. A comparison

of the lower bounds from inequalities (20) and (22) derived for the ML estimates
of the transition probabilities of the Markov chain with k =4 states reveals, similarly to
the independence case, that estimate (22) based on j’-approximation is better for

smaller values of N (when &,/Np’ <2.619); otherwise, estimate (20) derived from the

normal approximation is better. For instance, under assumption that p’ > 15, it follows
from equation (22) that P(max; ;<4 |p;—p; |<€)=€ holds true for transition

probabilities py, i, j=1, ..., 4, if the ‘training” DNA sequence is longer than 49,462 nt
(21,140 nt from estimate (20)).

Once again, combining estimates (19) and (21) to cover all values of N where the
normal approximation and the j*-approximation are applicable, we derive the general
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formula for the lower bound of the rate of convergence in probability of the ML estimates
of transition probabilities of the Markov chain with £ states:

P(ma,ﬂﬁi/ — Dy |S‘9)
Iy i i
, 23
Pz, <€ Np) (23)

2 max R s -
QOQ2e Ny )-1)* =25 212 (k-1)e 2™

Formula (20) was used to compute the length of a DNA sequence sufficient for
estimation of parameters of the Markov model with desirable accuracy & and the standard
statistical confidence level & equal to 0.90, 0.95 and 0.99 (Tables 2 and 3).

Table 2 The minimal length of a training nucleotide sequence sufficient for estimation of
parameters py;, 1 <i,j <4, min;;p; = 0.1, of the stationary ergodic Markov chain with
accuracy characterised by inequality P(max<; j<4 | pj — Py |S€) 2 &

&=01 & =0.05 & =001
&=0.90 7,930 31,720 792,990
& =095 8,272 33,086 827,138
&=0.99 9,060 36,240 906,010

Table 3 The same as in Table 2 with min,;p; > 0.15

&=01 & =0.05 & =001
&=0.90 5,290 21,140 528,660
& =095 5,515 22,057 551,425
&=0.99 6,040 24,160 604,010

3.3 Hidden Markov Model (HMM)

Inequalities (16) and (23) can be also used to determine bounds for the rate of
convergence in probability of the ML estimates of the HMM parameters. This application
is relevant for the case when both a sequence of symbols and the corresponding sequence
of hidden states are experimentally determined and available for parameter estimation
(model training). For instance, for the HMM based algorithm of prediction of the protein
secondary structure the training set is comprised from proteins sequences with known
secondary structures. The estimation of parameters of the HMM describing gene
organisation in genomic DNA from the training set of annotated genomic sequences
(Durbin et al., 1998, p.62) could be another example.

We consider an HMM with &, hidden states 1, 2, ..., k;, emitting &, distinct symbols
Xpseees X, - Parameters of the HMM are transition probabilities p;;, i,j =1, ..., ki, and

emission probabilities e(x;), i=1, ..., k, j=1, ..., k. We assume that all emission and
transition probabilities have non-zero values and that the Markov chain of hidden states is
a stationary ergodic Markov chain. Then the ML estimates p;; of transition probabilities
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are defined by equation (2) the same as for a regular (non-hidden) Markov chain, and the
ML estimates e;(x;) of emission probabilities e(x;), i=1, ..., ki, j=1, ..., k», are defined
by equation

E(x)

le ,(x,)

where E(x;) designates the number of times that symbol x; was emitted from hidden state
i in training sequence (Durbin et al., 1998, p.62). A subsequence S' of the training
sequence consisting only of symbols emitted from a given hidden state i is generated by
the independence model M with parameters e(x;), j =1, ..., k,. Assuming that sequence s
has length N;, from inequality (16) we have foranyi =1, ..., k;:

f\

P(max|e(x) e(x)|<£j>max{P;(k 1S&‘N)
i<j<k (24)
QP2eN;) -1 =272k (k, — 1) exp(-2€°N,)}.

Independence of sequences S, i = 1, ..., ky, allows to obtain the following inequality for
the ML estimates of emission probabilities uniformly over all hidden states:

k
P[max max |é(x,)—e/(x, )|<£j HP(max lé(x)—e(x,)|<¢€)
L isjsk,

i<i<k) i<j<k,
kl —
[ 1. @o@eN) =1 =252k (ky ~ D exp(-267N,);
kl
Hi:1 P(xi  <€N,).

> max

To obtain similar result for transition probabilities, we have to turn to the underlying
sequence of hidden states. This sequence is described by the first-order stationary ergodic
Markov chain with k; states and transition probabilities p;, i, j =1, ..., k;; therefore,
inequality (23) holds for these ML estimates:

Py~ Pz‘/| s€ J
P(Zp_, S€'NP);

Q2D2eNp) - — 2522 (k1)

P| max
i<i, j<k

(25)
> max

Here N is the length of the training sequence (the same as the length of the sequence of
underlying hidden states) and p” = min;; p;. Note that the bound of convergence rate (24)
depends on both %, and k, while the bound equation (25) depends on k; only.
The explanation is obvious: an emission probability defined for a particular symbol
emitted from a particular hidden state depends on both entities, while the Markov chain
of hidden states is completely independent of emissions and does not depend on the size
k, of the alphabet of emitted symbols. As described above, formulas (24) and (25) can
yield conﬁdence intervals for true values of parameters e(x)), /=1, ...k, i=1, ..., ky,
and py, 1,7 = ., ki, respectively, at a specified confidence level 81
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As an example we consider an HMM for prediction of protein secondary structure
with three hidden states (o~helix, SB-strand and loop) and 20 observed amino acids
(ky =3, k, = 20). Application of formula (24) shows that the inequality

P[max max |¢(x;)—e/(x,)|< 0.05) =20.9
1<i<3 1<,<20
holds if the minimal among N, i=1, 2, 3, is at least 4,360. Assuming that

min;;p; > 0.15, we have from equation (25) that the uniform accuracy of approximation
for the transition probabilities is characterised by inequality

P(‘ma'x | Dy —py I 0.0S] >0.9

i<i,j<3 : :

which holds if the length N of a training sequence is at least 13,393 amino acids.
Formulas (24) and (25) were used for computing the size of the training sets

(total length of protein sequences with known secondary structure) sufficient for

estimating the HMM parameters with desirable accuracy & and the standard statistical

confidence levels & equal to 0.90, 0.95 and 0.99 (Tables 4-6).

Table 4 The minimal number of amino acids situated in each structural confirmation
(orhelix, f-strand and loop) of a training sequence which is sufficient for estimation
of the HMM emission probabilities e/(x;) with accuracy characterised by inequality

P(max<;<3maX < j<o0 | &(x,) —e,(x;) [ <€) 2

£=0.1 £=0.05 £=0.01

=090 1,090 4,360 108,966

&=0.95 1,125 4,500 112,494

& =0.99 1,207 4,825 120,618
Table 5 The minimal length of a training protein sequence sufficient for estimation of the

HMM transition probabilities (min,; p; = 0.1) with accuracy characterised by
inequality P(max,q; j<3| Py —p; |<€)2 &

=01 £=0.05 =001
&£=0.90 5,022 20,088 502,208
& =0.95 5,368 21,474 536,849
£=0.99 6,175 24,700 617,523

Table 6 The same as in Table 5 with min,;p; > 0.15

e=0.1 e=0.05 e=0.01
£=0.90 3,348 13,393 334,806
&£ =095 3,579 14,316 357,900

& =099 4,117 16,468 411,682
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4 Conclusion

In the present work, we have derived the lower bounds for the rate of convergence in
probability of the maximum error for the ML estimates of parameters of the statistical
models frequently used in bioinformatics: the independence model, the first-order
Markov chain, and the HMM. For these models the inequalities (16), (23)—(25) that
provide the lower bounds could be also used for finding the confidence intervals for
unknown values of parameters at a specified confidence level. Each lower bound L is the
maximum of two lower bounds, L, and L,, derived from the normal approximation and
the *-approximation, respectively, for the vector of ML estimates. The bound L, is
maximal for smaller sequence lengths, while L, is maximal for large sequence lengths.
Note that inequalities (16) and (24) hold for all values of parameters, while the lower
bounds given by equations (23) and (25) require additional information about the range
of parameter values (transition probabilities).

We list the lengths of nucleotide or protein sequence sufficient to achieve a desirable
accuracy € of the ML estimates at a specified confidence level for the parameters of a
given model (Tables 1-6). Formula (3) allows to translate the estimation error & in
equations (16), (23)—(25) to the error A of computations of the likelihood of a model
for fragments of empirical sequences used in many bioinformatics algorithms
(e.g., Lawrence et al., 1993; Borodovsky and MclIninch, 1993; Burge and Karlin, 1997;
Durbin et al., 1998).

The inequalities (16), (23)—(25) for the lower bounds of the convergence rates for
different models present a new theoretical result articulating yet another property of the
ML estimates of parameters.
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Appendix 1

Here we prove the statement: for any random variables X, ..., X; and positive numbers
X1, ..., X the following equality holds:

PO X [£x,,...,] X, <x,)

k
=D (1 > P(X, S-x,,..., (26)
1=0 {iys e iy AL oy K,

U TUT TR A =) I 31

X, S=x,X, <x_,...X <x)

y = Lo }

The inner sum in equation (26) is taken over all possible choices of indices iy, ..., i; out of
1.k
We use the mathematical induction. For £ =2 we have
Pl X, |1Sx,| X, |€£x)=P(X,<x,| X, |<x,)-P(X, <—x,| X, |<x,)
=P(X,<x,X,<x,)-P(X,<x,X,<-x,)
-P(X,£—x,X,<—x)+P(X, £—x,X,<-x,).
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Now, we assume that statement holds for £ = n and consider k = n + 1:

P(le‘S'x19""|Xn+l|an+1)=P(|X1‘SXH |X ‘— n’ n+lsxn+1)
_P(| Xl |le"”5|Xn |Sx Xn+l S_'xn+1)
n
!
=>(-1) > P(X, S=x,,...,X, <-x,,
1=0 (U /3 el ] n}
[UPRS /3 CIUR TR A E NN
Xi1+| Sxim X <x Xn+l - n+1)
n
!
-2 D > P(X, S=x,,...,X, <-x,,
1=0 i, ...,i,)C{l,...,n}
[UPREY A SIURTRNS S AN
X, Sx .0X, Sx Xn+1 <-X,,,)
n
!
=>(-D > P(X, S=x,,...,X, <-x,,
=0 TR A t=T N
(oo i Ut o b 4211, oy}

X s X < x Xn+l - xn+l)

i T T iy

+Z( 1)’+1 | > P(X, <-x,,....X, <-x,,

Xi/+1 s x’m > "Xim < xim ’Xn-H xn+1)
n+l
— _1 _ _
=>(-D P(X, <=x,,... X, <-x,,
1=0 {iy ey yC{L, o041},
(o Uiy iy 4= {1 +1}
<
/R xi|+1 2 Xfy1+| - xirﬁ»l )

This completes the proof.

Appendix 2

Let X be the stationary ergodic first-order Markov chain with a finite set of states
1,2, ...,k transition probabilities p;, i, j=1,...,k and stationary distribution
7= (m, ..., 7). Then for any j the following inequalities hold:

min p; <77, < max p;. @7

First we prove the left inequality in equation (27). Suppose that there exists j, 1 <j<k
such that min; p; > 7. Then forany i = 1, ..., k, 7 < p;. We denote §=min,p; — 7, §> 0.

Let P = (p;) be the matrix of transition probabilities of X. Since the limit of P when n
grows to infinity must be equal to the matrix with vector 7z in each row, we have for the
element (j, j) of P"

Z pj[lplllz X.“Xp/nflj %”j

by ey

as n — oo, If in the sum for b, we substitute p, . by 7, we obtain a new sequence
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a, =7, D, Pyl X XD,
1

URCTRRN

with properties:

k k
a, = ”j Z ( Z pﬂ| pllll X'“Xpln—zln—l J - ”/ Z 72'1”4 = ”}"

b =W\ Do by by =1

a, < b, — . Then the monotonicity property of the limit implies that inequality

lima, <limb, -0

n—soo n—eo
must hold. We come to a contradiction: 7 < 7 — J (while > 0), and conclude that the
assumption min;p; > 7 was wrong; hence, 7 >min;p;. The right side inequality
7; < max; p; can be proved similarly.





